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I. INTRODUCTION
The problem of ambiguities is known to be the central one for the Lorentz-breaking
theories. Already in 1999, the seminal paper by Jackiw [1] established the deep reasons
for the ambiguous results for the perturbative corrections in the Lorentz-breaking QED.
The ambiguity of the Carroll-Field-Jackiw term [2], discussed in details in [3], became a
paradigmatic example. Further, the ambiguity of results was shown to occur not only in the
usual, zero temperature case, but also at the finite temperature (see f.e. [4]). The detailed
discussion of ambiguities of the Carroll-Field-Jackiw term at the finite temperature has
been presented in [5, 6].
At the same time, the Carroll-Field-Jackiw term is not an unique term displaying am-
biguity of results at the quantum level. The dependence of results on the regularization
scheme has been showed, first, for the aether-like term [7], second, for the higher-derivative
Lorentz-breaking term [8] representing itself as a linear combination of the higher-derivative
CFJ-like term and the Myers-Pospelov term [9]. Recently, the perturbative generation of
this term in the finite temperature case has been also discussed [10]. The issues related to
the unitarity in the theory involving such a term have been considered in [11].
However, the main object of interest for us is the CPT-even Lorentz-breaking term, that
is, the aether term, proposed in [12] as a possible ingredient of the extended standard model,
discussed in [13] within the higher dimensions context, and applied in [14] within the brane
context. Within our studies, we will be interested mostly in the Lorentz-breaking QED with
an additive aether term which is known to be compatible with the gauge symmetry. Many
issues related with the presence of this term at the classical level, especially examples of
exact solutions and dispersion relations in corresponding field theories, have been discussed
in [15]. Also, it worth to notice that this term emerges within the dual embedding procedure
[16]. However, its quantum aspects are studied less that those one for the CFJ term.
The main result found for the aether term at the quantum level is that its perturbative
generation in a model most used for this purpose, that is, the Lorentz-breaking QED with
an extra magnetic coupling, involves two different ambiguities [17]. So, the natural question
is the behaviour of both these ambiguities in the finite temperature case, comparing thus
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the situation for the aether term with the situation for the CFJ term [4–6]. This is the
problem we study in this paper.
II. GENERATION OF THE AETHER TERM
We start with the extended spinor QED whose action involves both minimal and non-
minimal couplings (proportional to e and g respectively) and an axial term in the fermionic
sector [17]:
L = ψ¯ [i∂/− γµ(eAµ + gǫµνλρF νλbρ)−m− γ5/b]ψ. (1)
Many aspects related to this model at the zero temperature have been discussed in [8, 17].
In particular, it was mentioned there that namely this model allows of generation of finite
one-loop contributions to the aether term and higher-derivative Lorentz-breaking terms.
Therefore, let us discuss this model, or, to be more precise, the aether-like contributions,
at the finite temperature.
The one-loop effective action for this model is given by
Seff [b, A] = −iTr ln(i∂/− eγµAµ − gǫµνλργµF νλbρ −m− γ5/b). (2)
In the paper, we will obtain the lower CPT-even contributions to this effective action.
A. Nonminimal contribution
The correction of the second order in the Lorentz-breaking vector bµ in a purely non-
minimal sector, where e = 0, has been discussed in details in [7, 17]. It was shown there
that this correction looks like
SFF (p) = −
g2
2
ǫαβγδǫα
′β′γ′δ′bαFβγ(p)bα′Fβ′γ′(−p)Iδδ′ (3)
where
Iδδ′ =
∫
d4k
(2π)4
1
(k2 −m2)2 tr[m
2γδγδ′ + k
µkνγµγδγνγδ′ ],
= 4
∫
d4k
(2π)4
1
(k2 −m2)2 (gδδ′m
2 + 2kδkδ′ − gδδ′k2). (4)
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At the zero temperature, this contribution yields the result
SFF (p) = C0 g
2m2(bαFαβ)
2, (5)
where the constant C0 is known to be equal either to
1
4π2
or to zero, see [7, 17]. This is
just the aether term proposed in [13].
In order to implement the finite temperature, we take the Eq. (4) and change it from
Minkowski space to Euclidean space. For this, we must perform the following procedure:
k0 → ik0 (gµν → −δµν), d4k → id4kE, and k2 → −k20 − ~k2 = −k2E , so that, we obtain
Iδδ
′
= 4i
∫
d4kE
(2π)4
1
(k2E +m
2)2
(−δδδ′m2 + 2kδEkδ
′
E − δδδ
′
k2E). (6)
Within the first manner of calculations, we separate the space and time components of
the four-momentum kδE = (k0,
~k), as kδE → kˆδ + k0δδ0, so that kˆδ = (0, ~k). This way of
calculation is a reminiscence of the paper [4]. Also, due to the symmetry of the integral
under spacial rotations, it is possible to use the substitutions
kˆαkˆβ → kˆ
2
d
(δαβ − δα0δβ0), (7)
where we have promoted the 3-dimensional space to d dimensions. Therefore, by introduc-
ing also an arbitrary parameter µ, to keep the mass dimension unchanged, we have
Iδδ
′
= 4i
∫
dk0
2π
(µ2)
3
2
− d
2
∫
ddk
(2π)d
1
(k2E +m
2)2
(−δδδ′m2 + 2kδEkδ
′
E − δδδ
′
k2E)
= 8i
∫
dk0
2π
(µ2)
3
2
− d
2
∫
ddk
(2π)d
1
(~k2 + k20 +m
2)2
[
~k2
d
(δδδ
′ − δδ0δδ′0) + k20 δδ0δδ
′0
]
−4i
∫
dk0
2π
(µ2)
3
2
− d
2
∫
ddk
(2π)d
1
(~k2 + k20 +m
2)
δδδ
′
. (8)
Then, by calculating the integrals over the space components ~k, we obtain
Iδδ
′
= −i22−dπ−d/2(µ2) 32− d2Γ
(
1− d
2
)
δδ0δδ
′0
×
∫
dk0
2π
(k20 +m
2)
d
2
−2(m2 + (d− 1)k20). (9)
If we now calculate the k0 integral, I
δδ′ = 0, which reproduces one of the zero temperature
results found in [7].
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Let us now employ the Matsubara formalism, which consist in taking k0 = (n+1/2)2π/β
and changing (1/2π)
∫
dk0 → 1/β
∑
n. However, we cannot readily take the limit d → 3
in the Eq. (9), because the sum exhibits singularities. Thus, in order to isolate these sin-
gularities, let us use an explicit representation for the sum over the Matsubara frequencies
[18], given by ∑
n
[(n+ η)2 + ξ2]−λ=
√
πΓ(λ− 1/2)
Γ(λ)(ξ2)λ−1/2
+ 4 sin(πλ)fλ(ξ, η) (10)
where
fλ(ξ, η) =
∫ ∞
|ξ|
dz
(z2 − ξ2)λRe
(
1
e2π(z+iη) − 1
)
, (11)
which is valid for Reλ < 1, aside from the poles at λ = 1/2,−1/2, · · ·. Actually, ξ = m
2πT
,
and η = 1/2 while all propagators are fermionic. Therefore, applying these results for the
expression (9), we obtain
Iδδ
′
=
im2
π2ξ2
δδ0δδ
′0F1(ξ), (12)
where
F1(ξ) =
∫ ∞
|ξ|
dz
(2z2 − ξ2)
(z2 − ξ2)1/2 (1− tanh(πz)). (13)
At high temperature limit, the above expression is temperature dependent, which can be
rewrite as
Iδδ
′
=
i
3
T 2δδ0δδ
′0 +O
(m
T
)
. (14)
Another manner to obtain the contribution to the two-point function, that is, to find
Iδδ
′
, is based on applying the Matsubara formalism to the expression (4), or, as is the
same, (6), without the symmetrization (7). Again, at the finite temperature case, we
carry out the Wick rotation and the discretization of the zeroth coordinate by the rule
k0 → 2πT (n+ 1/2), with T = 1/β, so that we arrive at the following form for Iδδ′
Iδδ′ = iT
∫
d3k
(2π)3
∞∑
n=−∞
1
[4π2T 2(n + 1/2)2 + ~k2 +m2]2
×tr[m2γδγδ′ − 4π2T 2(n+ 1/2)2γ0γδγ0γδ′ + kikjγiγδγjγδ′ ]. (15)
It remains to find a trace. We use the fact that the 4×4 Dirac matrices yield the following
relations
tr(γaγbγcγd) = 4(ηabηcd − ηacηbd + ηadηbc);
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tr(γaγb) = 4ηab. (16)
We have three situations
(i) δ, δ′ = k, l (both free indices are spatial). We have
Ikl = iT
∫
d3k
(2π)3
∞∑
n=−∞
1
[4π2T 2(n+ 1/2)2 + ~k2 +m2]2
×tr[m2γkγl − 4π2T 2(n + 1/2)2γ0γkγ0γl + kikjγiγkγjγl],
= −4iT δkl
∫
ddk
(2π)d
∞∑
n=−∞
1
[4π2T 2(n+ 1/2)2 + ~k2 +m2]2
×
[
m2 + 4π2T 2(n+ 1/2)2 +
(
d− 2
d
)
~k2
]
. (17)
Here we replaced the spatial dimension by d, in order to verify the presence of ambiguities.
To evaluate this expression, we use the identity∫
dd~k
(2π)d
a~k2 +M2n
(~k2 +M2n)
2
=
1
(4π)d/2
[d
2
aΓ(1− d/2)
(M2n)
1−d/2 +
M2nΓ(2− d/2)
(M2n)
2−d/2
]
. (18)
It follows from the expression (17) that in our case we must choose M2n = m
2 +4π2T 2(n+
1/2)2, and a = d−2
d
. In this case, one has
Ikl = −
4iT
(4π)d/2
δkl
∞∑
n=−∞
1
(M2n)
1−d/2
(
ad
2
+ 1− d
2
)
= 0, (19)
and this zero result matches the case achieved in one of the regularizations in [7] at the zero
temperature, so, at least in one of the regularizations this part of the two-point function
vanishes. We note that if we choose d = 3 from the very beginning, the result also will be
zero. Effectively it means that the introduction of the finite temperature plays the role of
a specific regularization different from those ones used in [7] and yielding the zero result
(in particular, in the zero temperature limit).
(ii) δ = i, δ′ = 0, or vice versa. In this case all traces in (15) straightforwardly vanish,
and the result is zero.
(iii) δ = 0, δ′ = 0. Let us consider the expression (4) for the case δ = δ′ = 0. First, we
impose here δ = δ′ = 0 and find
I00 = 4
∫
d4k
(2π)4
1
(k2 −m2)2 [−g00(k
2 −m2) + 2k20]. (20)
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Then we carry out Wick rotation and take into account that g00 = 1, we get
I00 = 4i
∫
dk0d
3~k
(2π)4
[
1
k20 +
~k2 +m2
− 2 k
2
0
(k20 +
~k2 +m2)2
]
. (21)
Then we integrate over d3~k:
I00 =
4i
(4π)3/2
∫
dk0
2π
[
Γ(−1/2)
(k20 +m
2)−1/2
− 2 k
2
0Γ(1/2)
(k20 +m
2)1/2
]
. (22)
Now, we change integration over k0 by a discrete sum, with
∫
dk0 → 2πT
∑
n, and k
2
0 →
4π2T 2(n+1/2)2, as usual. Thus, by introducing M2n = m
2+4π2T 2(n+1/2)2, we can write
I00 =
4i
(4π)3/2
T
∞∑
n=−∞
[
Γ(−1/2)
(M2n)
−1/2 − 2Γ(1/2)
(M2n −m2)
(M2n)
1/2
]
. (23)
Since Γ(1/2) = −1/2Γ(−1/2), we have
I00 =
4iΓ(−1/2)
(4π)3/2
T
∞∑
n=−∞
[
1
(M2n)
−1/2 +
(M2n −m2)
(M2n)
1/2
]
=
4iΓ(−1/2)
(4π)3/2
T
∞∑
n=−∞
[
2
(M2n)
−1/2 −
m2
(M2n)
1/2
]
. (24)
We introduce ξ = m
2πT
, so, M2n = 4π
2T 2[ξ2 + (n + 1/2)2]. Thus,
I00 =
4iΓ(−1/2)
(4π)3/2
T
∞∑
n=−∞
{
4πT
[ξ2 + (n + 1/2)2]−1/2
− m
2
2πT [ξ2 + (n+ 1/2)2]1/2
}
. (25)
To sum over n, we use the formula (10). In our case, λ = 1/2 or λ = −1/2. The integral
in (10) evidently converges in both these cases, the only dangerous terms are those one
involving Euler gamma functions. To avoid the difficulty, let us temporarily introduce the
small positive ǫ parameter in the expression for I00:
I00 = − i
π
T
∞∑
n=−∞
{
4πT
[ξ2 + (n+ 1/2)2]−1/2+ǫ
− m
2
2πT [ξ2 + (n + 1/2)2]1/2+ǫ
}
. (26)
Using the formula (10), we have I00 = I
(a)
00 + I
(b)
00 , with
I
(a)
00 = −
i
π
T
[
4πT
√
πΓ(−1 + ǫ)
Γ(−1/2)(ξ2)−1+ǫ −
m2
√
πΓ(ǫ)
2πTΓ(1/2)(ξ2)ǫ
]
, (27)
I
(b)
00 =
i
π
T
[
8πT
∫ ∞
|ξ|
dz
(z2 − ξ2)−1/2 (1− tanh(πz))
−m
2
πT
∫ ∞
|ξ|
dz
(z2 − ξ2)1/2 (1− tanh(πz))
]
. (28)
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It is clear that the singularity can emerge only from I
(a)
00 . Let us study it in more detail.
First of all, let us recall that ξ = m
2πT
. Then, we have
I
(a)
00 = −
i
π2
m2
√
π
(ξ2)ǫ
[
Γ(−1 + ǫ)
Γ(−1/2) −
Γ(ǫ)
2Γ(1/2)
]
. (29)
Then, we took into account that Γ(−1/2) = −2Γ(1/2). We have
I
(a)
00 = −
i
π2
m2
√
π
(ξ2)ǫ
[
Γ(−1 + ǫ) + Γ(ǫ)
Γ(−1/2)
]
. (30)
And Γ(−1+ǫ)+Γ(ǫ) = −1 (just the same relation between Euler gamma functions implied
cancellation of divergences in the zero temperature case [7]). We can tend ǫ→ 0 and hence
put (ξ2)ǫ = 1. So,
I
(a)
00 =
i
π2
m2
√
π
Γ(−1/2) = −
im2
2π2
. (31)
Thus, the complete result for I00 is
I00 = −
im2
2π2
+ i
[
8T 2
∫ ∞
|ξ|
dz(z2 − ξ2)1/2(1− tanh(πz))
−m
2
π2
∫ ∞
|ξ|
dz
(z2 − ξ2)1/2 (1− tanh(πz))
]
= −im
2
2π2
+ i
[
8T 2F2(ξ)− m
2
π2
F3(ξ)
]
, (32)
where
F2(ξ) =
∫ ∞
|ξ|
dz(z2 − ξ2)1/2(1− tanh(πz)), (33)
F3(ξ) =
∫ ∞
|ξ|
dz
(z2 − ξ2)1/2 (1− tanh(πz)). (34)
However, in any case the terms involving the integrals in this expression are finite both at
lower and upper limits. One can note that the non-vanishing zero temperature contribution
(31) (and the corresponding calculation scheme) was not discussed in [7]. The main reason
for it consists in the fact that this scheme requires a very especial role of the zero coordinate
which can be naturally explained namely by the finite temperature prescription.
Following third manner of the calculation, we can first calculate the trace in (3) in four
dimensions as it has been done in [7], express the result in terms of k2 and only afterwards
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implement the finite temperature. In this case we have after the Wick rotation but before
introduction of the finite temperature
Iδδ′ = 2iηδδ′
∫
d4kE
(2π)4
k2E + 2m
2
(k2E +m
2)2
= 2iηδδ′I, (35)
where
I =
∫
d4kE
(2π)4
k2E + 2m
2
(k2E +m
2)2
. (36)
Let us calculate the integral I. In the calculation below, omit the index E henceforth.
First, we can write
1
k2 +m2
=
1
k2 +m2
− 1
k2
+
1
k2
= − m
2
k2(k2 +m2)
+
1
k2
. (37)
So, the integrand of I looks like
k2 + 2m2
(k2 +m2)2
=
m2
(k2 +m2)2
− m
2
k2(k2 +m2)
+
1
k2
= − m
4
k2(k2 +m2)2
+
1
k2
. (38)
In the zero temperature case, with the Feynman representation, we have:
I =
∫
d4k
(2π)4
k2 + 2m2
(k2 +m2)2
= −
∫
d4k
(2π)4
m4
k2(k2 +m2)2
=
= −2m4
∫ 1
0
dx
∫
d4k
(2π)4
x
(k2 +m2x)3
= − m
2
16π2
, (39)
which matches the result in [7], since the integral from the 1
k2
, the last term of (38), vanishes
within the dimensional regularization. Thus, the equivalent expression for I is
I =
∫ 1
0
dx
∫
d4k
(2π)4
[
− 2m
4x
(k2 +m2x)3
+
1
k2
]
. (40)
We can present this expression as I = I ′ + I0, where
I ′ = −2m4
∫ 1
0
dx
∫
d4k
(2π)4
x
(k2 +m2x)3
, (41)
and I0 = −2m4
∫
d4k
(2π)4
1
k2
.
Now, we implement the finite temperature just to this expression:
I ′ = −2m4T
∞∑
n=−∞
∫ 1
0
dx
∫
d3~k
(2π)3
x
[~k2 + 4π2T 2(n+ 1/2)2 +m2x]3
. (42)
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Integrating over spatial moment, we have
I ′ = −m4T Γ(3/2)
(4π)3/2
∞∑
n=−∞
∫ 1
0
dx
x
[4π2T 2(n + 1/2)2 +m2x]3/2
. (43)
We can rewrite this expression in terms of ξ = m
2πT
, by writing
I ′ = − m
4T
16π(2πT )3
∞∑
n=−∞
∫ 1
0
dx
x
[(n + 1/2)2 + ξ2x]3/2
. (44)
To factorize out the temperature dependence, we introduce new variable x˜ = ξ2x, so that
I ′ = − m
4T
16π(2πT )3
(
4π2T 2
m2
)2 ∞∑
n=−∞
∫ ξ2
0
dx˜
x˜
[(n + 1/2)2 + x˜]3/2
. (45)
Now, in order to apply the summation formula (10), we must use the recurrence relation
fλ(ξ, η) = − 1
2ξ2
2λ− 3
λ− 1 fλ−1(ξ, η)−
1
4ξ2
1
(λ− 2)(λ− 1)
∂2
∂η2
fλ−2(ξ, η), (46)
because λ = 3/2 is clearly out of range of validity. Therefore, this allows us to write down
the result for I ′ as
I ′ = − m
2
16π2
+
T 2π2
2
F4(ξ), (47)
where
F4(ξ) =
∫ ξ2
0
dx˜
∫ ∞
|√x˜|
dz(z2 − x˜)1/2 sech2(πz)tanh(πz). (48)
Now, let us discuss the integral I0. In the zero temperature case it is certainly zero. In
principle, we could treat it as zero at the finite temperature as well (actually, treating this
restriction as one more regularization). However, if we implement the finite temperature,
we have
I0 = T
∞∑
n=−∞
∫
d3~k
(2π)3
1
~k2 + 4π2T 2(n + 1/2)2
. (49)
The integral is straightforward:
I0 = −
T 2
2
∞∑
n=−∞
∣∣∣∣n+ 12
∣∣∣∣ . (50)
Again, we change the sum over all n by the sum over only non-negative n, so,
I0 = −T 2
∞∑
n=0
(n+ 1/2) = −T 2
[
ζ(−1) + 1
2
ζ(0)
]
, (51)
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where we took into account that
∞∑
n=1
1
ns
= ζ(s). Since ζ(0) = −1
2
, and ζ(−1) = − 1
12
, one
has
I0 =
T 2
3
. (52)
In such a case, one has
Iδδ
′
= 2δδδ
′
(I ′ + I0) = 2δδδ
′
[
− m
2
16π2
+
T 2
3
+
T 2π2
2
F4(ξ)
]
. (53)
It is instructive also to discuss fourth scheme for calculation the purely nonminimal
contribution to the two-point function, which has been considered in [7] here it was shown to
give zero result at the zero temperature. It was shown there that in arbitrary dimension D
of the space-time, the expression (3), after replacement kµkν → 1Dηµνk2 and the subsequent
Wick rotation, one has
Iδδ′ = 2iηδδ′I, (54)
where, unlike the previous case, now one has
I = 2
∫
dDkE
(2π)D
k2E(
D−2
D
) +m2
(k2E +m
2)2
. (55)
We can implement the finite temperature into this expression. If we introduce d = D − 1
as a purely spatial dimension (with, in principle, d = 3+ ǫ) and then integrate over spatial
components of the moment only, we get
I =
2T
(4π)d/2(d+ 1)
∞∑
n=−∞
[
(d− 1)Γ(1− d
2
)
[m2 + 4π2T 2(n+ 1
2
)2]1−
d
2
+
2Γ(2− d
2
)
[m2 + 4π2T 2(n + 1
2
)2]2−
d
2
]
. (56)
The result of summation carried out with use of (10) is
I =
(2π)d−2T d−1
(4π)d/2(d+ 1)
[ √
π
(ξ2)
1
2
− d
2
(
(d− 1)Γ(1− d
2
) + 2Γ(
3− d
2
)
)
+4(d− 1)Γ(1− d
2
) sin(π(1− d
2
))f1−d/2(ξ,
1
2
)
+ 8Γ(2− d
2
) sin(π(2− d
2
))f2−d/2(ξ,
1
2
)
]
, (57)
where the generic expression for the function fλ(ξ, η) is given by (11).
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Due to the known identity Γ(x+ 1) = xΓ(x), we can completely cancel the first (tem-
perature independent and, actually, involving two singularities since d = 3+ ǫ) term of this
expression corroborating thus the result of [7] that within this procedure the zero temper-
ature result exactly vanishes (we note that this mutual cancellation of singularities is also
based on the Euler gamma function properties just as in [7]). We rest with
I =
(2π)d−2T d−1
(4π)d/2(d+ 1)
[
4(d− 1)Γ(1− d
2
) sin(π(1− d
2
))f1−d/2(ξ,
1
2
)
+8Γ(2− d
2
) sin(π(2− d
2
))f2−d/2(ξ,
1
2
)
]
. (58)
Since there is no singularities more in this expression, we can put d = 3 and, using (33),
write down the final result as
Iδδ′ = δδδ′
T 2
2
[2F2(ξ) + F3(ξ)] . (59)
We close this subsection giving the explicit results for the aether term obtained with use
of these three procedures of calculating the Iδδ
′
yielding results (12), (32), (53) and (59)
respectively. The corresponding expressions for the two-point function (including both the
aether term and the Lorentz invariant term) are
SFF1 = −g2T 2F1(ξ)(2~b2FijF ij − 4bkFkjbiF ij);
SFF2 = −g2
[
−m
2
4π2
(1 + 4F2(ξ)) + 16T
2F3(ξ)
]
(2~b2FijF
ij − 4bkFkjbiF ij);
SFF3 = g
2
[
− m
2
16π2
+
T 2
3
+
T 2π2
2
F4(ξ)
]
(2b2FµνF
µν − 4bµFµνbλF λν);
SFF4 = g
2T
2
2
[2F2(ξ) + F3(ξ)] (2b
2FµνF
µν − 4bµFµνbλF λν). (60)
Here the functions F1(ξ), F2(ξ), F3(ξ), and F4(ξ) can be read off from the expressions (13),
(33), (34), and (48), respectively. We close this subsection with the statement that each of
the schemes implied in one of results presented in (60) is physically consistent. However,
within the first and fourth schemes the result vanishes at zero temperature, within the
second one only the space-like bµ contributes to the zero temperature result (which reflects
the fact that introduction of the finite temperature breaks the Lorentz symmetry), and
within the third one the result found in [7] is naturally promoted to the case of the presence
of the finite temperature.
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B. Minimal contribution
So, let us turn to the aether-like corrections essentially depending on e. The correction
of the second order in the Lorentz-breaking vector bµ in a purely minimal sector, where
g = 0, is given by the following expression:
SAA(p) =
ie2
2
∫
d4k
(2π)4
tr(γµ
1
/k −mγ
ν 1
/k + p/−mγ5/b
1
/k + p/−mγ5/b
1
/k + p/−m +
+γµ
1
/k −mγ5/b
1
/k −mγ
ν 1
/k + p/−mγ5/b
1
/k + p/−m +
+γµ
1
/k −mγ5/b
1
/k −mγ5/b
1
/k −mγ
ν 1
/k + p/ −m)Aµ(−p)Aν(p), (61)
where p is an external momentum. Let us write
S(k + p) =
1
/k + p/−m, (62)
which can be expanded as
S(k + p) =
∞∑
i=0
1
/k −m
(
−p/ 1
/k −m
)i
=
∞∑
i=0
Si, (63)
where
Si ≡
1
/k −m
(
−p/ 1
/k −m
)i
. (64)
The expression of eq.(61) can then be written as
SAA(p) =
ie2
2
Aµ(−p)Aν(p)Πµν(p) +O(p3), (65)
where
Πµν(p) =
∫
d4k
(2π)4
tr[γµS0γ5/bS0γ5/bS0γ
ν(S0 + S1 + S2)
+γµS0γ5/bS0γ
ν(S0 + S1 + S2)γ5/b(S0 + S1 + S2)
+γµS0γ
ν(S0 + S1 + S2)γ5/b(S0 + S1 + S2)γ5/b(S0 + S1 + S2)]. (66)
The contributions we are interested in are quadratic in p. These terms are finite by power
counting and, thus, ambiguity-free. After the expansion and the calculation of the trace,
we arrive at the following expression: Πµν → Πµν1 +Πµν2 +Πµν3 +Πµν4 , with
Πµν1 = −
∫
d4kE
(2π)4
8
(k2E +m
2)3
[(bE · pE)2δµν + (bE · pE)pµEbνE + (bE · pE)bµEpνE
+p2Eb
µ
Eb
ν
E + b
2
Ep
2
Eδ
µν ], (67)
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Πµν2 =
∫
d4kE
(2π)4
1
(k2E +m
2)4
[−16m2(bE · pE)2δµν + 32kµEkνE(bE · pE)2 + 32bµEbνE(pE · kE)2
+24b2E(pE · kE)2δµν + 16m2pµEbνE(bE · pE) + 16m2bµEpνE(bE · pE)
+48kµEp
ν
E(bE · pE)(bE · kE) + 48pµEkνE(bE · pE)(bE · kE) + 48(bE · kE)2p2Eδµν
−16m2bµEbνEp2E + 48m2b2Ep2Eδµν + 24kµEkνEb2Ep2E + 48kµEbνE(bE · kE)p2E
+48bµEk
ν
E(bE · kE)p2E + 24kµEpνE(bE · kE)2 + 24pµEkνEb2E(pE · kE)
+64kµEb
ν
E(bE · pE)(pE · kE) + 64bµEkνE(bE · pE)(pE · kE) + 48pµEbνE(bE · kE)(pE · kE)
+48bµEp
ν
E(bE · kE)(pE · kE) + 96(bE · pE)(bE · kE)(pE · kE)δµν ], (68)
Πµν3 = −
∫
d4kE
(2π)4
1
(k2E +m
2)5
[192(bE · kE)2(pE · kE)2δµν + 192m2b2E(pE · kE)2δµν
+128kµEk
ν
Eb
2
E(pE · kE)2 + 256kµEbνE(bE · kE)(pE · kE)2
+256bµEk
ν
E(bE · kE)(pE · kE)2 + 192kµEkνE(bE · kE)2p2E + 192m2kµEkνEb2Ep2E
+192kµEp
ν
E(bE · kE)2(pE · kE) + 192pµEkνE(bE · kE)2(pE · kE)
+192m2kµEp
ν
Eb
2
E(pE · kE) + 192m2pµEkνEb2E(pE · kE)
+512kµEk
ν
E(bE · pE)(bE · kE)(pE · kE)], (69)
Πµν4 =
∫
d4kE
(2π)4
1280
(k2E +m
2)6
[kµEk
ν
E(bE · kE)2(pE · kE)2 +m2kµEkνEb2E(pE · kE)2]. (70)
In order to effectively tackle the issue of the finite temperature behavior of the above
expressions, we separate the space and time components of the four-momentum kσE = (k0,
~k)
as kσE → kˆσ + k0δσ0, so that kˆσ = (0, ~k). Also, due to the symmetry of the integral under
spacial rotations, it is possible to use the substitutions
kˆαkˆβ → kˆ
2
d
(δαβ − δα0δβ0) (71)
and
kˆαkˆβ kˆδkˆγ → kˆ
4
d(d+ 2)
[(δαβ − δα0δβ0)(δδγ − δδ0δγ0) + (δαδ − δα0δδ0)(δβγ − δβ0δγ0)
+(δαγ − δα0δγ0)(δβδ − δβ0δδ0)]. (72)
These procedures lead to the result
Πµν = A((bE · pE)2δµν + p2EbµEbνE − (bE · pE)bµEpνE − (bE · pE)pµEbνE − b2Ep2Eδµν + b2EpµEpνE)
14
+B(b20p
2
0δ
µν + b20p
2
Eδ
µ0δν0 − b20p0pµEδν0 − b20p0δµ0pνE)
+C(b2Ep
2
0δ
µν + b2Ep
2
Eδ
µ0δν0 − b2Ep0δµ0pνE − b2Ep0pµEδν0)
+D(b20p
2
Eδ
µν − b20pµEpνE), (73)
where
A = −1
3
23−dm2π−
d
2Γ
(
4− d
2
)∫
dk0
2π
(k20 +m
2)
d
2
−4 (74)
B = −1
3
21−dπ−
d
2Γ
(
3− d
2
)∫
dk0
2π
(k20 +m
2)
d
2
−5
×(3m4 + (d− 5)k20(6m2 + (d− 3)k20)) (75)
C =
1
3
22−dm2π−
d
2Γ
(
4− d
2
)∫
dk0
2π
(m2 + k20)
d
2
−5(m2 + (d− 7)k20) (76)
D = −1
3
22−dπ−
d
2Γ
(
3− d
2
)∫
dk0
2π
(m2 + k20)
d
2
−4(m2 + (d− 5)k20). (77)
One can straightforwardly verify that each of four contributions to the expression (73),
proportional to A, B, C, and D respectively, is separately gauge invariant. Therefore, the
gauge invariance will be automatically maintained at the finite temperature as well. If we
then calculate the k0 integrals in these expressons, we get A = − 16m2π2 and B = 0 = C = D,
as expected.
We are now in position to implement the finite temperature through employing the Mat-
subara formalism, which consist in taking k0 = (n+1/2)2π/β and changing (1/2π)
∫
dk0 →
1/β
∑
n. By performing the summations, we obtain
A = − 1
6m2π2
− 1
6m2
∫ ∞
|ξ|
dz
(ξ2 − 2z2)
(z2 − ξ2)1/2 sech
2(πz)tanh(πz), (78)
B = −C = 1
12m2
π2ξ2
∫ ∞
|ξ|
dz(z2 − ξ2)1/2 sech5(πz)(sinh(3πz)− 11sinh(πz)), (79)
D =
1
6m2
ξ2
∫ ∞
|ξ|
dz(z2 − ξ2)−1/2 sech2(πz)tanh(πz). (80)
We observe that in the high temperature limit, ξ → 0, all the above coefficients vanish.
The contribution to the effective action, corresponding to (73) with the temperature
dependent coefficients A,B,C, and D, looks like
SAA = A(2b
2FµνF
µν − 4bµFµνbλF λν) +Bb2iF0µF 0µ +Db20FµνF µν . (81)
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We see that this result involves, first, the usual aether-like term, second, the Lorentz-
invariant Maxwell term accompanied by constant multiplier (which involves both b2 and
b20), third, the term F0µF
0µ which can be treated as a specific form of the aether term
corresponding to the case when the vector bµ is purely space-like.
C. Minimal-nonminimal contribution
Now, let us consider the “mixed” Feynman diagrams, involving both minimal and non-
minimal couplings, and depicted at Fig.1.
•
•
•
•
•
•
•
•
FIG. 1: Contributions to the two-point function of the vector field.
Similarly to the calculations in [8], here we consider the Lorentz-breaking insertions γ5/b
introduced both in the vertices and in the propagators (both these insertions are denoted
by the symbol •). The calculations do not essentially differ from those ones carried out in
[8], since the loop integrals and traces are identically the same (actually, the only difference
from those papers is related to the fact that in one of the vertices, the Aµ field is replaced
by its “dual” ǫµνλρb
νF λρ). As a result, we arrive at
SAF = eg
∫
d4x Iρǫ
ρνλµ(ǫναβγF
αβbγ∂λAµ + Aνǫµκησ∂λF
κηbσ), (82)
where kρ is a constant vector whose explicit form is
Iρ = 2i
∫
d4k
(2π)4
bρ(k
2 + 3m2)− 4kρ(b · k)
(k2 −m2)3 , (83)
which can be calculated through different regularization schemes (a very incomplete list
of the approaches to calculating this vector which is equivalent to the calculation of the
Carroll-Field-Jackiw term can be found in [19]).
So, let us discuss this result at the finite temperature, at least for two methods of
calculations, having a mere purpose to illustrate the ambiguity of the results for this
vector. Within the simplest approach, we can follow the line elaborated in [5] and repeat
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all calculations carried out there. In [5], two schemes were used to obtain the Iρ. Within
the first scheme, one deals with the expression (83) and considers separately the time-like
and the space-like parts of the bµ, which after corresponding symmetrizations allows to
obtain
I0 =
1
4
b0;
Ii =
1
4
bi
[
1
π2
+
1
2
F5(ξ)
]
, (84)
where ξ = m
2πT
, and the function F5(ξ) has been discussed in details in [5] and yields
F5(ξ) =
∞∫
|ξ|
dz(z2 − ξ2)1/2 sech2(πz)tanh(πz). (85)
Within another scheme, one first imposes the spherical symmetry by making the replace-
ment kρk
ν → 1
4
δνρk
2 in (83) which allows to rewrite (83) as
Iρ = 6ibρ
∫
d4k
(2π)4
m2
(k2 −m2)3 , (86)
which yields
I0 =
3
16
b0
[
1
2π2
+ F5(ξ)
]
;
Ii =
3
16
bi
[
1
2π2
+ F5(ξ)
]
. (87)
So, within this approach the vector Iµ is proportional to bµ just as in the zero temperature
case. More details of these calculations can be found in [5]. In principle, we can, alterna-
tively, follow the approach developed in [6] based on the formalism proposed in [4], and
obtain more possibilities for these vectors (we note this list of calculation schemes is not
an exhaustive one, and, in principle, other values for the vector Iµ can be found as well).
Thus, we demonstrated that this source for the ambiguity of the aether term still works at
the finite temperature.
It remains to substitute these values for Iµ into the expression (82) for the aether term.
After the contraction of two Levi-Civita symbols, one has
SAF = eg
∫
d4x
[
2FµνF
µν(b · I)− 4F αβFαγIβbγ
]
, (88)
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where the temperature dependent vector Iβ is ambiguous, in some schemes of calculation it
turns out to be proportional to the vector bµ and can be read off from the expressions (84)
or (87), depending on the scheme of calculations we choose. The first, Lorentz-invariant
term is also ambiguous. Therefore we demonstrated the finiteness and ambiguity for the
contribution to the aether term from this sector.
To close the discussion, we note that the complete result for the aether-like term in the
finite temperature case is represented by a sum of one of the contributions in (60) with the
expression (81) and the result (88) in which either the form (84) or the form (87) of the
vector Iµ is used. Therefore, we conclude that the aether-like term in the finite temperature
case involves two ambiguities as well as in the zero temperature case.
III. SUMMARY
We have showed that the aether-like term, known to be finite and ambiguous at the zero
temperature, is finite and ambiguous at the finite temperature as well, with two ambiguities
occur, one in the purely nonminimal sector, where we have at least four consistent schemes
for calculation of the aether term, and another in the mixed sector where the ambiguity
is just the same as in the case of the CFJ term, and it is not eliminated by the finite
temperature, while within this paper we have demonstrated only two possible schemes
for its calculations based on an appropriate adaptation of results of the paper [5] which
clearly yield different results. In principle, our list of prescriptions for calculations of the
aether term in the Lorentz-breaking QED with a magnetic-like nonminimal coupling is not
exhaustive. We notice once more that, in the purely nonminimal sector, the aether-like
contributions are superficially divergent, but in any of these prescriptions they turn out
to be finite where the zero-temperature divergences in all cases are cancelled due to the
properties of the Euler gamma function.
Since, as it is claimed in [1], the ambiguities of the results for the CFJ term are related
with the ABJ anomaly, we close our paper with the statement that the ABJ anomaly (which
as we already noted [8] apparently can be extended by introducing the higher-derivative
terms), and, possibly, one more anomaly responsible for the ambiguity (and finiteness) of
18
the aether term in a purely nonminimal sector, stay as well in the zero temperature case.
However, this probably existing anomaly still requires a detailed study.
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